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Introduction

We consider the estimation of a conditional copula function € of a couple of duration variables
T and U, in a framework where these times are observed successively and suffer from right
censoring.

Applications: Biostatistics (7' = Infection time, U = Recovery time), Insurance (7' = Effective
time of a contract, U = Termination time of a contract).

Goal: Study the dependence structure between 7" and U, in presence of covariates X &€ R - e. g,

age of the policyholder, sex, level of insurance - that may have impact on the joint distribution.

Theorem: Sklar’s theorem
Let Fi(t,u) =P(T <t,U <u). Then:

F(t,u) = €(Fp(t), Fy(u)).

' Obstacles: Censoring variable C'. Dependence studied conditionally on X.
Contributions: Mathematical justification of our method. Application on a real dataset of infor-

mation on a portfolio of health insurance contracts.

Censored Observations

e We consider i.i.d. realizations (7}, U;, X;, C;)1<i<y of arandom vector (1, U, X, C).

e Censoring of the data: the variables 7" and U are not directly observed. Instead of (7}, U;), one
observes

(Y; = min(T;, Cy),
Zi — min(Ui, CZ — Ti>7
ni = lr<c;

Vi = lusT<ce;

Conditional copula estimation

Let F(t,ulz) = P(T < t,U < u|X = z). By Sklar Theorem, F(¢, u|z) = €@ (Ep(t|z), Fir(u|z)),
where €(*) denotes the copula of the conditional distribution of (7', /) conditionally on X = z.

Assumption 1: Fundamental Assumptions

(a) Assume that C'is independent from (7', U, X).

(b) Let C = {&€y : # € O}, with © a compact subset of R*, denote a parametric family of copula
functions. Assume that, for all z € X, there exists 6(x) € O such that

@) =€y,

Let M(x,0) = Ellogcy(Fp(T|X), Fi7(U|X))| X = x|, where cy(a,b) = 82 »&o(a, b) denotes the
copula density associated with copula function €4. We have, by definition of 6(x),

0(x) = argmax M (z,8).
0eo

" Consider a function ¢ such that E||o(T, U, X)|] < oo, and ¢(t,u,z) = 0 for t + u > 177 (2). |
Under Assumption 1.a, elementary computations show that

oY, Z, X) _
E [SC(Y+Z) ‘X] = Fo(T,U, X)|X], (1)

where S (t) = P(C' > t), and 6 = 7.

Let
] — X; —x\ 0;logc A,B
Mp,p(@,0) = WZK< D ) LB )
nht = Sc(Yi+ Z;)
1 — X;—x ;o
- W;Wimf(( 7 >1Og69<Ai’B@')%,m (3)
1=

where K is a kernel function, & is a bandwidth parameter, A, = FT(YHXZ-) and B; = FU(Zi\XZ-)
are pseudo-observations, S¢ is an estimator of S¢, and w; ,, 1s a trimming function defined as
for a sequence v, tending to zero.

wian o 1miD<A¢,BZ’71_Ai71_Bi>ZV"

We define our final estimator of 6(x) as

A

0;,(x) = argmin M,, ,(x, ), (4)
HcO ’

Assumption 2: Technical Assumptions

(a) Regularity assumptions (02) on the model when « varies.

(b) Assumptions that ensure that the Hessian matrix of cy(x, #) taken at the point 6(x) is positive-
definite.

(¢) Integrability assumptions (L?) required to obtain results on convergence speed.

(d) Speed of convergence of pseudo-observations:

sup |A; — A;| + |B; — By| = Oplen),
1<i<n

with g, = o(vy).
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Main Results
Theorem 1: Bias term
Let
* 1 Xi — X
0p,(r) = argmax —E | K log co(£p (T3] X:), Fy(Ui| X)) | -
0cO hd h
Then:

sup |65 () — 0(x)[| = O(h*).
reX

Theorem 2: Stochastic term

sup [|0y(x) — 65 (2)|| = Op(vy + [log ]! >n =120~ 0/2),
reEX

Application of the method to insurance data

e [’ corresponds to the effective time of a contract (1.e. the duration between the date of subscrip-
tion and the date of effect of the contract),

e [/ 1s the termination time of the contract (i.e. the duration between the date of effect and the
date of termination),

e (' is the age of a contract (i.e. the duration between the date of subscription of the contract and
the date of the end of observation),

e X is the age of the contract holder at the subscription.

Four families of parametric copulas are tested to model the dependence between 1" and U: Gaussian,
Clayton, Gumbel and Frank copulas.
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(¢c) Impact of the variable level of insurance
2 on the conditional dependence between 1’
and U, given the age of the prospect (Frank
copula, h = 20, 100 repetitions).
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Conclusion

e We proposed a methodology to estimate a conditional copula function under random censoring,
when the two variables linked through the copula are right censored successive times.

e From a numerical point of view, the procedure 1s simple, since it relies on a weighted log-
likelihood approach.

e In our paper, we provide a mathematical justification of the method. In particular, we provide
conditions on the censoring which allow to understand the behavior of the method even in the

tail of the distribution.
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